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The behavior of a popuistiott of small metal crysl.aIlit,es on a substrtat,o is nceouttted for by 
the splitting of single mel,al at.otns and tnultiatlom particles frotn larger pat%icles, their diffusion 
along the substxate and the coalescence of particles (or of a p:trt.icle and an atPom) t,hat collide. 
The equations are stochastic, allowing for the t~re:tt,tnettt, of a large ttrttnber of par&les. The rat,e 
at which one part,icle is capt,ured by attot,her is det#ermined hy t,he rate of diffusion of particles 
from the bulk to the itltet,face of the ot,hcr particles and t,he kittet,ics of the capt,rue process at, 
the interface. The rate of emission is proportional to the equilibrium cottcentraticm, on t.he 
original particle ittberface, of part,icles havittg t,he size of the p:trt.icle to be etnitted. If emission 
is an act,ivated process, the probability of muhial om emission is negligibly small ccttnpared to 
single atom etnission. Hence, even if particles MII lose single at,oms to t,he substrate hy activated 
breaking of bonds the loss of aggregates of two or more atoms must o(bcur via anot,her mecha- 
nism. This alterttalte process is ttot, entirely clear but is probably related to t,he exist,ence of 
cracks on the crystallii e and their prop:tgnt.icnt due to itttermtl at,resses caused either t,herm:dlg 
or by the fortnnt.ion of a ~hetni4 comportttd. The present, model can nccomti for an ittcrease or 
a decrease in the t,ofaI surface :tre:t wit,h tittte, as well as att ittilial ittcrcase followed by a decrease 
or an initial decrease followed by an ittcrease. Itt any pnrt~ic~rtlar case the pat,h followed depends 
upon the metal loading, the saturation cottcetrl ration of met,ttl :tt.oms. the dif’fusicnt rate attd t,he 
emission rat,e. 
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1NTROI)UCTION 

Supported metal catalysts consist of 
metal crystallites 10 to 100 A in size dis- 
persed upon the internal surface of a 
porous substrate. The catalyst loses its 
activity after excessive heating and during 
the catalytic process. In the absence of 
chemical “poisoning,” this aging phe- 
nomenon is generally recognized as being 
due to sintering or loss of active surface 
area by coalescence of the metal crystal- 
lites to form larger particles. Experimental 
evidence for sintering has been reviewed 
in a number of recent papers (1-S). Under 
certain conditions, however, sintered 
crystallites have been shown to split and 
redisperse, thus regaining the activity lost 
by coalescence. The results of the splitting 
process have been observed directly by 
using transmission electron microscopy (4). 
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Some indirect experimental evidence 
exists (5-9) that small metal crystallites 
in a model system migrat’e over the surface 
of substrate. The model system contained 
a high density of metal islands. 

Assuming that sintering occurs because 
of the migration of the islands, an efl’ective 
diffusion coefficient D of 10-l" cm2/!sec was 
obtained (2) for 10 A gold particles on a 
silicon substrate. For a commercial catalyst 
containing a total of No metal atoms per 
surface arca of the substrate, uniformly 
distributed as j-atom particles, the distance 
between part’icles can be written as (j/N,,):. 
Assuming that metal particles in a com- 
mcrcial catalyst diffuse in a manner similar 
to that of particles in the model system, the 
time t t,aken for two part,icles to diffuse 
towards one another can be obtained by 
equating this distance to 2(Dt)“-. For a 
met,al loading No equal to 1 X lOI 
atoms/cm2 of substrate and uniform parti- 
cles containing 16 atoms (corresponding t’o 
0.5$& l%jA120, containing particles of 
10 A) the distance is approximately 70 A. 
If the diffusion cocfhcicnt equals that above 

for the model system, t’hc time involved is 
only a few minutes. Hence, diffusion of 
metal crystallites may play a part in the 
overall sintcring of the supported metal 
catalysts. 

A crystallite has many bonds between 
met,al and substrate atoms that would 
have to be broken before the crystallite 
can diffuse along the surface, while a free 
metal atom requires fewer bonds to he 
broken. Hence, it, might be supposed that 
crystallite migration would be slow com- 
pared to the motion of free at,oms. However, 
the spacings of metal and substrntc atoms 
are such that only a fraction of metal 
atoms on the crystallite base are in an 
energy well between atoms of the substrate. 
On the other hand, free metal atoms can 
almost always be placed without hindrance 
between substrate atoms. Hence, although 
the number of metal-substrate bonds may 
be much greater in the cast of a large 

crystallite, the intensity of each bond is 
generally less than that, for a single atom. 
This makes possible some motion of metal 
cryst,allites on the substrate. Further, by 
virtue of t,heir size, crystallites may be 
able to overcome obstnclcs such as valleys 
on tjhc irregular substrates that might 
trap and immobilize t’hc smaller single 
atoms. 

Of course migration is size dependent 
and will be very small for p:articles larger 
than about, 50 A. Assuming that the diffu- 
sion coefficient is proportional to the base 
area of t)he crystallite, then for a O.sGj, 
I’t/Al,O, system containing lo2 A particles 
uniformly distribut,ed, the distance between 
particles is of the order of 10” A. In this 
case, the time for particles to diffuse 
towards each other is of the order of lo2 hr 
(as opposed to a few minutes calculated 
above for 10 A particles). However, for 
systems cont,aining both large and small 
metal crystallites, the larger crystallites, 
despite their own lack of mobility, would 
nevertheless increase in size when smaller 
particles collided against them and 
coalesced. Recent controlled atmosphere 
electron microscopy (CAIN) experiments 
cannot observe particles smaller than 
approximately 2.5 ii (10, 11) ; the fact that 
no migration could be observed here is 
perhaps due to this size limitation. 

-4 phenomenological model was developed 
(1) based upon migrat,ion of particles and 
coalescence of particles that collide. Solu- 
tion of the kinetic equations led to a family 
of Me cquntions for the total exposed 
surface area S of metal of the form, 

dS 
-= - KS”. 
dt 

(1) 

The index 11 was found to have values 
dependent upon the relative magnitudes 
of the diffusion coefficient and the coales- 
cence constant as well as the particular size 
dependencies used for these parameters. 
Analysis of experimental work from other 
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laboratories yielded values of p from 2 to 
8 (12-15). These values correspond to 
different, but feasible, size dependencies for 
the model parameters. For example, 11 = 2 
corresponds to coalescence controlled proc- 
ess with the coalescence constant propor- 
tional to particle radius. On the other hand, 
p = 6 corresponds to a diffusion controlled 
process with the diffusion coefficient in- 
versely proportional to the square of the 
particle radius. If the diffusion coefficient 
is inversely proportional to higher powers 
of the radius then larger values of 1) can 
be obtained. 

Wynblatt and Gjostein (3) comment 
that such a model is valid for particles 
smaller than about 50 a but invalid for 
larger particles because the latter cannot 
move. We disagree with this. As mentioned 
above, t,he size dependence of the diffusion 
coefficient in the diffusional model accounts 
for the fact that the larger particles have a 
negligible migration. However, the larger 
particles grow because the smaller particles, 
which migrate much faster, would coalesce 
with them. 

Wynblatt and Gjostein (16) obtained 
values of p equal to about 13 in their 
sintering experiments on supported Pt. 
They attempted to explain this by starting 
with an alternate mechanism, whereby 
large particles grow while smaller particles 
decay. This occurs via capture and emission 
of single atoms which are the only mobile 
species. However, this Ostwald ripening- 
like phenomenon could yield only values 
of p that were even smaller (p = 3 to 5) 
than those of the migration and coalescence 
model (1). In later work (Ii’) they have 
attempted to resolve the differences be- 
tween experiment and theory by consider- 
ing an additional, slow, nucleation step 
in the growth of the larger particles during 
the ripening process. 

Flynn and Wanke (18) also considered 
only single atom emission and transfer, 
but the formulation of their equations was 
different. They used a model system con- 

taining :I relatively small number of 
particles. They calculated the individual 
rat,es of single :Aom emission and capture 
of each particle. The initial absence of 
single atoms in their systems restricted 
their results t,o predicting either total 
redispersion, i.e., a continuous increase in 
the exposed surface area (for metal loadings 
less than the saturation concentration of the 
metal atoms), or an initial increase followed 
by a decrease in the exposed surface area. 

Allowing only single atoms to move on 
the substrate would seem like too strong a 
restriction. If monomers can move on the 
surface, it might he argued that dimers 
could also be expected to move, albeit at a 
marginally slower rate, and so on. Flynn 
and Wanke (18) assume that all particles 
of less than 14 atoms are inherently un- 
stable and reduce instantaneously to single 
atoms, but this comes about by assuming 
that all particles are in the form of fee 
crystal structures. Certainly small clusters 
of atoms will not have the same structure 
as the bulk metal, but t’his does not mean 
that they cannot exist in some other form. 
Further, Geus (19) observes that many 
experimental results indicate that dimers 
are stable on a substrate. 

In this work we suggest a model for the 
behavior of metal crystallites supported on 
a substrate that entails the emission, 
migration and coalescence of particles of 
every size, including single atoms. In this 
manner we have an alternate mechanism 
to explain large values of p without having 
to postulate what in the model of Ref. (1) 
might be unfeasible size dependcnces of 
the diffusion coefficient. Instead, these large 
values of p are explained by allowing the 
emission of particles as a mechanism that 
offsets the capture of particles. In contrast 
to the model of Ref. (I), the present model 
will also predict particles of smaller size 
than the smallest initial particle. We show 
later that the present model can predict 
a continuous decrease in surface area with 
time and a decrease followed by an increase 



in surface area, as well as continuous treatment, of Ostwald ripcning [see foi 
increase in surface area with time ad an cxamplc Ref. (2f )]. 
increase followed hy a dccrcast:. The l)c- It is important to realize that IQ. (4), 
havior depends upon the relative magni- considering as it, does solely the emission 
tudes of emission, diffusion, and c:@urc, and capture of single atoms, is a more 
although the final stab depends upon the rigorous formulation of the mechanism of 
metal loading and the saturation concen- IVynhht~t, and Gjoskin (16) or that of 
trations of the mrtal spcrics on the Flynn and Wankc (18) that leads in super- 
substrate. s:kurat,cd situations t,o Ost~mald ripening. 

METHOIX 
". 1‘IIE ?I1IGHATION-COALESCEN~~- 

1. SINGLE ATOM E~~ssro?; A~I) CAPTUIZE @hISSION bIOI)EL 

For simplicity we consider first t’he We now extend each term in Eq. (4) 
equations of emission and capture of single to include multiatom processes. The first, 
atoms. They will be extended to t’he more term in Eq. (4) rcprescnts the rat,e at, 
general case of multiatom transfer Mow. which t’he concentration of .j-atom particles 

The total rate at which particles con- is increased by emission of atoms from 
lxlining j atoms arc lost by c+apt,urc or larger particles. The corresponding term 
emission is for multiat~om bnsfer is 

Lj,l = (P,,l + a,,l)Jzj. (3 

Here the first term represents t#he number 
(Jj = 2 (1 + aij)aj+i,i?tj+i, (5) 

i=l 
of j-mers per unit time that capture an 
atom to become (j + I)-mers, and the where the Kronecker delta, 6,j, accounts 

second term represents the number of for the formation of two ,j-atom particles 

j-mers per unit time that become (j - l)- if i = j. The second term in Eq. (4) is t,he 

mers hy the loss of an at,om. The creation rate at, which ,j-atom particles are lost 

rate of j-mers is given by when they capture atoms. Not,ing that 

Cj,l = Oj-l,lnj-1 + @j+l,laj+l. (3) 
two j-nt,om p:wt,iclrs are lost. when i = ,j, 
we write 

Now since the net rate of change of j-mers 
can he writt,en as llj = f (1 + 8,j)/3j,,?ljT ((9 

i=l 

hlj 
c - Lj,l, 

dt 
J>l as the loss rate of j-atom particles to larger 

particles. The emission of i atoms by 

we get for the continuity equation for the ,j-atom part’icles, described for single atom 

j-atom particles transfer by the third term in Eq. (4), is 
equivalent to the emission by the same 
particle of (j - i) atoms. To avoid dupli- 
cention we write the corresponding term as 

- ("j,17tj - /jj--l,llJj-1). (4) 
j-1 

LJ’ = 3 C O!j,t/tj. (7) 
i=l 

In the Appendix we derive the differential 
form of Eq. (4) and note that it is different The final term in E(l. (4) represents the 
from the continuity equation of Lifshitz increase in the concentration when smaller 
and Slyosov (LO) frequently used in t,hc particles capture the required number of 
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atoms. Since the capture of an i-atom 
particle by a (j - $-atom particle is 
identical to the capture of a (j - i)-atom 
particle by an i-atom particle we write, 
following Eq. (7), 

i-1 

Cj’ = + C @j-;,$lj-i. (8 
i=l 

From Eqs. (5) through (S), the rate of 
change of the concentration of j-atom 
particles is given by 

dnj * 
;-- = C (1 + Gzj)Cij+i,inj+i 

i=l 

i-l 

+ + C Pj-i,%nj-i 
i=l 

We have implicitly assumed that this 
form of the continuity equation for the 
j-atom particle is valid only for aggregates 
of atoms and not for single atoms ; that is, 
for j 2 2. The concentration of single 
atoms emerges from the additional equation, 

lch(t> = No, (10) 

where No is the metal loading, i.e., the 
total number of metal atoms present per 
unit area of the substrate. Equation (10) 
ensures the conservation of metal atoms. 

In reality the surface of the substrate 
is nonhomogeneous from a geographic and 
energetic point of view. These nonhomoge- 
neities trap some of the mobile particles, 
for example those caught. in a grain bound- 
ary of the substrate, or those trapped by 
acid sites or impurities on the substrate. 
A treatment has been developed (1) to 
take into account the behavior of these 
fixed particles by modifying the rate 
equation to consider the probabilities of 
formation of fixed and mobile particles. 

However, we do not consider this in the 
present paper. 

3. EVALUATION OF CAPTURE AND 
EMISSION RATES 

Metal crystallites on a substrate, like 
crystals in a solution, may be subjected 
to a number of complicated processes which 
lead to increases or decreases in the crystal- 
lite size. In the previous section we have 
simply written the rate of emission of i 
atoms from a j-atom particle as aj,i and the 
rate of capture of i atoms by a j-atom 
particle as /3j,i; however, the evalu$ion of 
these terms will depend upon the processes 
by which capture and loss take place. 

A. Single Atom Transfer 

Let us first consider some mechanisms 
by which crystallites may grow. Jackson’s 
model (22) involved a crystal containing 
a maximum of & sites on its surface. A 
crystal with, say, p sites occupied gains 
and loses atoms until & sites are occupied. 
This is, of course, identical to having no 
occupied sites on the next surface, and so 
the process continues in this manner. If 
the probability, P+, of atoms arriving on 
the surface is independent of the number of 
sites occupied, the steady state volume rate 
of growth of the crystal is 

G = QP+(l - POP~...PQ-I)/ 
Q-1 Q-1 

IQ + ,I$ (~4) + ,zo (P~P~+I) 

Q-1 
+* * * + c (P&+1* * .?&I, 

‘1 =o 

where p, = P,-/Pf is the ratio of the rates 
at which a surface with q occupied sites 
loses and gains atoms. Hence, the rate at 
which the crystal grows by capturing single 
atoms is proportional to the rate at which 
atoms approach the surface and hence to 
the concentration of single atoms near the 
surface. 
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For a crystal with facets, growth may be 
slow until a certain number of sites are 
occupied (a nucleus is formed), after which 
there is rapid formation of a monolayer 
surrounding the original crystal. Growth 
will then be reduced until a nucleus is 
formed again on the new crystal. If nuclea- 
tion is the rate determining step, the volume 
rate of growth may be written as (Ii’, 2s) 

xexp [ 1 --Y!! e,, 
RT 

where AG, and pc are the free energy and 
radius of a nucleus, a is the lattice param- 
eter of the substrate, yP and AH, are the 
vibration frequency and migration energy 
of an atom over the crystal and 6, is the 
concentration of single atoms on the facet. 

In either of these cases, the volume 
growth rate of the crystal, i.e., the rate at 
which it captures single atoms, depends 
upon the concentration of single atoms. In 
a formal sense, therefore, no rigor is lost 
if the usual condensation equation is used 
to obtain &,I. Here fij,r depends upon the 
perimeter of the j-atom particIe and the 
interfacial concentration of single atoms, 
i.e., 

Pi,1 = kb,j,12~rjnl.jaJ (11) 

where kb,j,l is a rate constant and ni,j” is 
the monomer concentration at the interface 
of the particle. In Eq. (11) the perimeter 
of the single atom is ignored with respect 
to that of the larger particle. The rate 
constant can be written 

kb.j.1 = Ao exp[-Eb,j,l/kT]. (Iza) 

The activa.tion energy Eb,j,r can be ex- 
pressed in terms of metal-metal and 
metal-substrate energies, E,,, and E,,,,, as 

E act,j,l = +(Ennu + En,,). (12b) 

The factor + is considered because the 

number of nearest neighbors is one half of 
those corresponding to the bulk solid. 

When the diffusion of metal atoms on the 
substrate is very fast, the concentration of 
single atoms is uniform so that nl,jO = n1, 
the bulk concentration of single atoms. 

Analogous to the condensation relation, 
Eq. (II), we can write the evaporation 
equation for the loss of single atoms from 
a j-atom particle to the sub&ate as 

cUj,l = k0,j,127Vjnl,js, (13) 

where n1,38 is the concentration of single 
atoms in equilibrium with a j-atom particle. 
This concentration is given by the well 
known Gibbs-Thomson relation 

?! l,js = ?I lrnS cup (14a) 

(14b) 

Here rj is the particle radius and nlmos 
refers to the equilibrium solubility of the 
monomer species, i.e., monomer concen- 
tration in equilibrium with an infinitely 
large crystallite. 

From Eqs. (11) and (13), with n1.j’ = nl, 
when the bulk monomer concentration 
equals the equilibrium concentration at the 
interface of some particle, then growth of 
the particle by addition of single atoms is 
exactly countered by the decay of the 
particle by loss of single atoms. Such a 
particIe, which suffers no change in size 
at this point, is said to have a critical size. 
The critical radius is given by 

rcrit E 6nloos/(nl - Il*oos). (14c) 

The critical radius is significant only when 
nl > fbs, i.e., in supersaturated systems. 
Under these conditions, particles of radius 
smaller than rcrit will undergo a net loss 
by monomer transfer while particles larger 
than r,,it will undergo a net gain by 
monomer transfer. This is of course the 
mechanism of Ostwald ripening. 



B. Multiatom Tra.nsfer by a j-atom particle can be written 

The rate of emission of multiatoms from 
larger particles to the substrabe can perhaps 
be written similar to Eq. (13), viz, 

Cfj,i = k a,j,z Tr~ni,j’, ‘2 (1%) 

where k,,i,; is the rate constant of the 
activated step, 

Pj,i = kh,j,t2T(rj + T,)ni,j", (1cJ 

where Jzb,j,i is the rate constant of the 
kinetics of combination of two adjacent 
particles, given by 

k,,j,i = A0 cxp[-Ea,j,i/kT], (15b) 

and Em,?,; is the acbivation energy. Chen 
(24) has computed values of E’,,j,i for 
various values of i and j. The activation 
energy for emission of dimers, for instance, 
from &atom particles was found to be 
about twice that for single atom emission; 
since E,%j,; is exponentially related to aj,i, 
the rate of emission of dimers is many 
orders of magnitude smaller than the 
corresponding rate for single atoms. Hence, 
even when emission of single atoms occurs 
by an activated process, emission of i 2 2 
atom particles by a similar process is 
probably not to be expected. A more 
plausible mechanism of multiatom emission 
is one associated with fracture of the 
particles because of the propagation of 
some preexisting cracks. The detailed 
mechanism by which this fracture takes 
place has not been completely understood 
but we suspect that in some conditions 
some compounds are formed in the metal 
crystallites. This generates stresses in the 
crystallites which consequently fracture. 
It is not yet possible to model the dynamics 
of this process. Since there may be condi- 
tions in which no fracture occurs, we 
consider here the emission of only single 
atoms. 

Jcb,j.i = Ao exp[-Ec,,j,ijkT]. (17) 

In Eq. (1G) ni,,” is t’he concentration of 
i-atom particles at the interface of the 
j-atom particle. Hence, nij” depends upon 
the rate at which particles diffuse towards 
one another as well as the rate at which 
t,ouching particles combine. 

To obtain an expression for ni,3n, consider 
the steady state diffusion flux of i-atom 
particles from a j-atom particle, given in 
Ref. (1) as 

2d,i 
Jj,i = ---~____ 

ln CA,,(ri + 

I 

Here Aj is a measure of the area “governed” 
by a particle of size j. Under quasi steady 
state conditions, Jj.i is equal to the rate 
at which (j + i)-atom particles lose i 
atoms, less the rate at which j-atom 
particles capture i-atom particles. Hence 

J.i,i = &J+i,i - @j,i. (Mb) 

At equilibrium J,,; = 0 and, by definition, 
the interface concentration of i-atom parti- 
cles is the equilibrium concentration. Equa- 
tions (15), (16) and (1%) now yield 

This is of course the principle of microscopic 
reversibility and must be valid even far 
from equilibrium. 

Analogous to the condensation equation 
for the capture of single atoms, Eq. (II), 
the rate of capture of an i-atom particle 

Using Eqs. (lria) and (16) and equating 
Eqs. (1%) and (I%), the concentration 
of i-atom particles at the interface of a 
j-atom particle is 
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or if j >> i 

Sl 

-1 

In [A,/(rL + r,)] 

I),,; i i 

I/,,j’+ -p’-p 77; 

X.h.j.i(ri + r,) 1 

111 [A j/(TL + r,)] 
(19b) 

1 

Equation (19) reduces t’o the two specia.1 
cases n;,jO ‘v n; when the kinetics at, t,he 
interface controls the process (fnst diffu- 
sion), and n,,jO 21 ni,/ when diffusion 
controls. 

Substituting Eq. (1%) int,o E(l. (1%) 
yields 

Pi.i - 2BJih,j,t(rt + rj)ni, (2On.) 

when the kinetics at t’he interface control 
the capture process. IYow, if the activation 
energy for emission, E,,j,i in Eg. (15), is 
such that multiatom emission is not pos- 
sible and if ni is not very much larger t,han 
ni,j+i' then, from microscopic reversibility 
[Eq. (MC)] and Eg. (20n), there can bc 
no capture of multiatom particles when the 
interface kinetics control the capture proc- 
ess. Hence, there exists only single atom 
emission and capture in these circumst,ances 
(Ostwald ripening if the system is super- 
saturated). When diffusion controls the 
capture process, i.e., when 

Dj,illn [Aj/(ri + r,)] 
<< kh,j,i(rr + r,), (“Oh) 

the capture rate is given by 

%rD,, i 
8, ,i - ----____- )1 i 

111 [-4j/(ri + rj)] 

+X,,,j+j,j2arj+i?7i,j+18. (2Oc) 

Further, if the system is highly super- 
saturated, i.e., if nL >>> ni,jtL8, t’hen in spite 
of inequality (20b) and microscopic rcversi- 
bility, Eq. (18c), the capture rate can be 
given by 

2*Djj i 
pj,i ‘u --___ ---~ t/ ,. 

111 [Aj/(ri + Tj)] 

The emission rates are negligible due to 
the small values of ~~i,j+i~. In such circum- 
stances we hnvc only the migrat’ion and 
capture of atoms and particles, i.e., the 
model of Ref. (I). 

In many cases WC may have the single 
atom concentration, nl, of the same order 
of magnitude, or smaller, t,han the sat,ura- 
tion, although n, is still much greater than 
T&i, j+i' for i 2 2. In such circumstances we 
have the occurrence of single and m&i- 
atom capture and single atom emission. 

4. ILLTJSTRATIVE &AJI PLE 

The differential-algebraic equations (9) 
and (10) can he solved numerically for 
given init,ial conditions to obtain conren- 
trations ‘Tlj (t) of j-nt,om partirles atI various 
times t. Since t#hc surface area of all particles 
containing j at,oms is proportional to 
n,jf, the total surface arcn at time t can be 
writ,ten as a frac%ion of the initial surface 
area 

:$ = C ,j"rt,(t),/C j:)/,(O), (“1) 
i 3 

from a knowledge of the size distribution. 
This fractional surface area is of interest 
here, rather than the size distribution, since 
the former affects the catalytic activity 
more directly and c:!n be more easily 
measured. 

For our cxamplc we consider the behavior 
of a system consisting initially of particles 
containing 50 atoms each. Such a system 
may be unrealistic bot,h because of the 
smallness of t,he particles and the fact that 
they are all of t,he same size. However, we 
intend here to demonstrate only the inter- 
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FIG. 1. Sintering curves for various values of No 
(atom/cmz) of metal crystallites on a substrate. 
The initial system contains only SO-atom particles 
of metal. Capture of all sized particles is allowed 
but only single atoms are emitted. The capture 
process is controlled by diffusion, Dj,i = Dj + Di, 
where Dkark-2. Particles are hemispherical, r&t. 
The parameters used are D,e = 2 X lo-l5 cm2/sec, 
6 = 12 d, V, = 9 cm3, n,,s = 103 cm-2 2’ = lOz”K, 
Aa = lo4 cm/set, En,,,, = 130 kcal/moie, E,,,, = 90 
kcal/mole. It is not clear whet,her the curves will 
follow the trends shown here at very large times. 

relationships between terms in Sec. 3, and 
these are perhaps better shown on a simple 
system. The nature of Eqs. (9) and (10) is 
such that every size (i.e., every value of j) 
must be accounted for; hence, small 
enough particles are essential for a reason- 
able amount of computer time. No signifi- 
cant differences are expected if a larger 
particle size is used initially. Further, the 
formulation of Eq. (10) is stochastic, 
differing from those in Refs. (16, 18). For 

a system of particles initially of one size, 
the latter formulations yield changes in 
particle sizes with time, but at any one 
time the systems always contain identical 
particles. In contrast, Eq. (10) allows us 
to start with a system of identical particles 
and to obtain a spectrum of sizes after 
a period of time. Since our formulation 
does not lead to singular results when 
starting with a system containing particles 

of only one size, it is advantageous to use 
such a system for the sake of simplicity 
and ease in analyzing the results. 

All particles in the model system are 
assumed to be perfect hemispheres. In this 
way the radius of a j-atom particle is 
proportional to j+. 

The effective diffusion coefficient for 
two particles Dj,i is the sum of the coefi- 
cients for each particle, Di + Dj. It is 
reasonable to expect that the diffusion 
coefficient Di is inversely proportional to 
the base area of a particle of i atoms, hence 
Dj.i is set proportional to riW2 + rj-“. 

The parameters Aj may be obtained by 
assuming that the area aAj” of the sub- 
strate associated with each particle of j 
atoms is proportional to the area of the 
base of the particle. Then Aj is the equiv- 
alent radius of the corresponding sub- 
division so that 

A j2 = r2j/T C ?l~Tk’e (22) 
k 

Figure 1 illustrates the behavior of our 
sample system as plots of the fractional 
change in surface area of crystallites, S/So, 
against time, t, at a temperature of 1000°K. 
If the metal-metal bond energy can be 
related to the heat of sublimation, then 
I$,,,,,, is of the order of 100 kcal/gmole. The 
values used in Fig. 1 are 130 kcal/gmole 
for E ,,,,,, and 90 kcallgmole for E,,,,. The 
value of 6 was taken as 12 ii, consistent 
with values for the I’t/&Os system. The 
diffusion coefficients Dj.i were obtained from 
the earlier size dependence assuming that 
Di = 2 X lo-l5 cm”/sec for i corresponding 
to a particle of 10 A diameter. The pre- 
exponential terms A, in Eqs. (15) and (17) 
were taken to be 1 X lo4 cm/set. The 
equilibrium concentration of single atoms 
at the interface of an infinitely large 
particle, nlms, was taken as 10” cme2. The 
molar volume, V,, of 1% metal is 9 cm3 
(~5), so that rl = 2 A. These values yield 
diffusion as the controlling step in the 
overall diffusion and capture process. Single 
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and multiatom particles are captured but 
there is emission of only single atoms. 

In Fig. 1 the sintering is relatively small 
for smaller values of No, the metal loading, 
but increases with larger values of No. The 
values of the sintering index p [Eq. (l)], 
obtained by the best fit of the curves of 
Fig. 1 to the form of Eg. (l), changes with 
time. The initial value of p and the values 
after approximately 3 and 5 hr are shown 
in Table 1 for the three curves. Interest- 
ingly, though the curves of Fig. 1 arc so 
disparate, the initial values of 11 are ap- 
proximately the same in two cases. This 
shows that No affects K, the rate constant 
of Eq. (l), to a significantly greater extent 
than it affects p. 

Consider now the process of Ref. (I), 
which entails only migration and capture 
and does not involve any form of emission. 
Under these conditions, and with diffusion 
controlling the overall process, a relation- 
ship was derived between p and m, the 
exponent of the size dependence of the 
diffusion coefficient 

p = 4 - 3m (23) 

If m is set equal to -+, the value used in 
the present computations, the value of p 
is 6. The increase in the value of p between 
this value and those of Table 1 demon- 
strates the improvement that may be 
expected in the fitting of experimental data 
when the emission of single atoms is added 
to the model of migration and capture of 
single atoms and multiatom particles. 

DISCUSSION 

At least initially, the sign of the change 
of surface area depends upon the relative 
rates of two processes. The first is the 
formation of loo-atom particles by collision 
of two 50-atom particles. The second is the 
splitting of 50-atom particles into mono- 
atoms and 4%atom particles. Small enough 
values of No result in large average dis- 
tances between the initial particles and 
small probabilities that one particle ap- 

TABLE 1 

Value of the Siut,eriug Iudex p from Fig. 1,~ 

NO P 
(iltonlS/Cnl’)) 

i=O t=3 t=5 

I x 10” 10.5 10.3 10.3 
I x IO’” 10.6 18.3 24.5 
1 x IO’” 7.H 

a The lime t is in hours. 

proaches another. Since diffusion controls 
the capture process, there will be only a 
small rate of formation of the loo-atom 
particles so that there is a lesser decrease 
of surface area by capture. On the other 
hand, No and the Di,i have virtually no 
effect on the initial emission of single 
atoms. The net result is an increase in the 
total surface area with time. Larger values 
of No or the Dj,i may increase the rate of 
the capture process sufficiently to lead to a 
decrease in the total surface area with time. 

The present model and those models in- 
volving only monoatomic transfer differ in 
t,he paths available to the final (equilib- 
rium) states. If No > qoos, the final state 
consists of a single large particle of radius 
r surrounded by single atoms having a 
concentration nlJ(r) as given in Eg. (5) ; 
if No < TL],~, the final state consists of 
only single atoms. If only single atoms are 
transferred, and if the initial distribution 
contains no single atoms, the case of Flynn 
and Wanke (I??), the posniblc paths cor- 
respond in Fig. 2 to curves A (No < ~~~~~~ 
and C (No > alms). 

In contrast, if multiple atom transfer is 
allowed, an additional element is considered 
in the overall process. In this case, assuming 
diffusion controls the capture process, the 
relative magnitudes of the diffusion coeffi- 
cients and the emission coefficients deter- 
mine the path followed by the system, 
although of course only nlm* and N, 
determine the final state. Thus, curves h 
and C correspond to t’he pat’hs if t,he 
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FIG. 2. Possible paths for sintering or splitting 
supported met,al crystallites depend at small times 
upon the relative magnitudes of emission, migration 
and capture of metal species, and at large times upon 
the relative magnitudes of loading and saturation 
concentration of metal species. (A) The initial 
increase in surface area by emission is great.er than 
the initial decrease by migration and capture, metal 
loading is less than saturation concentration. (B) 
Emission overrides capture initially, metal loading 
equals saturation concentration. (C) Emission 
overrides capture initially, metal loading is greater 
than saturation concentration. (D) Emission 
balances capture initially, metal loading is greater 
than saturation concentration. (E) Capture over- 
rides emission initially, metal loading is greater than 
saturation concentration. (F) Capture overrides 
emission initially, metal loading is less than satura- 
tion concentration. 

decrease in surface area by diffusion of 
particles and their coalescence is over- 
shadowed by the increase in surface area 
by emission of particles. For the case of 
metal loading less than saturation concen- 
tration, this situation continues until 
finally only single atoms are left on the 
substrate (curve A). For larger metal 
loadings, emission causes an initial increase 
in surface area. This is followed by a 
decrease as concentrations of smaller parti- 
cles increase, leading to an increase in the 
diffusion process and hence an increase in 
the capture rate, as shown in curve C. 
Curves E and F correspond to the paths for 
large diffusion coefficients. In curve E, 
where the metal loading is greater than the 

saturation, the large diffusion rates cause 
rapid agglomeration and the final state 
consists of one large particle and the equi- 
librium concentration of single atoms. If, 
however, the metal loading is small, the 
diffusion and capture process eventually 
slows down as particles grow larger and are 
further apart. Emission will gradually take 
over, as in curve F, and the final state 
should consist of only single atoms on the 
substrate. 

Even though the final state is dictated 
by the metal loadings, the time required 
for this state to he approached may be 
very large. Hence, a supported metal 
catalyst corresponding to curve F may only 
sinter during its effective life. Similarly t,he 
catalyst of curve C may effectively not 
sinter at all. 

CONCLUSIONS 

This work presents a general model for 
the behavior of supported metal crystallites 
on a substrate in terms of the emission, 
migration and capture of single atoms and 
groups of atoms. It was possible to define 
conditions under which only single atoms 
are emitted and captured; there is no 
emission and particles of all sizes are 
captured ; or single atom emission and 
multiatom capture takes place. The latter 
case was discussed here in detail. 

We assumed that the process for the 
emission of a multiatom particle is analo- 
gous to the evaporat.ion of a single particle. 
However, consideration of the number of 
bonds that need to be broken for multiatom 
emission leads to rates of particle emission 
that are many orders of magnitude smaller 
than rates of emission of single atoms. To 
account satisfactorily for emission of parti- 
cles, rate equations for particle fracture 
must be developed. 

In all the present calculations, diffusion 
controlled the overall migration and capture 
process. Depending upon the relative 
magnitudes of the diffusion and emission 



AGING RIECHANIShIS OF SUPPORTISI) METAL CATALYSTS 85 

coefficients of all particles, the overall 
metal loading, and the saturation concen- 
tration, the model predicts a continuous 
increase in available surface area of the 
metal, an increase followed by a decrease, 
a decrease followed by an increase, or a 
continuous decrease. Hence, t,he present 
model enables us to treat both xintering 
and splitting in a unitary manner. 

APPENDIX 

DERIVATION OF A MODIFIED LIFSHITZ- 

SLYOSOV CONTINUITY EQUATION 

We start with the continuity equation for 
the j-mers, Eq. (-1), 

- (aj.Inj - Dj-I.I’bj-1). (Al) 

If we consider n to vary continuously 
with j, Ey. (Al) can be rewritten for n a 
function of two variables, j and 1, as 

+P(jh(j, 0 - P(j - lh(j - 1, Ql. 
(AL?) 

Substituting the first two terms of the 
Taylor series of @(j - l)?z(j - 1, t) around 
/3(j),(j, t) for the last term in brackets 
yields 

th(j, t) d 
_---- = 

at 
aj [{a(j) - PM 111 (j, 01 

Of course this is not the only continuous 
variabIe approximation that can be made 
to Eq. (Al). Expanding QI around (j + 3) 
and p around (j - $), then expanding t,he 

result8 around j we obtain 

The cluantitative treatment of Ostwnld 
ripening is based on the J,ifshitz-Slyosov 
equation which is, in the present, notation 
(20) 

Comparing Eqs. (113) and (‘$4) WC see 
t’hat both contain a second derivative. 
However, Eq. (AZ) does not. We suggest 
therefore, that either of the Eqs. (h3) or 
(‘-14) be used in t.hc treatment of Ostwald 
ripening in supersaturated solutions. Which 
of these is a bett’er choice depends upon the 
forms postulat,ed for LY and fl. For example, 
if (Y = p Eqs. (As) and (A4) are trivially 
identical. 

We gratefully acknowledge the useful comments 
of Dr. S. E. Wanke. 
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